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HITCHIN CONNECTION ON THE VEECH CURVE
SHEHRYAR SIKANDER
Abstract. We give an expression for the pull back of the Hitchin connection from
the moduli space of genus two curves to a ten-fold covering of a Teichmu¨ller curve
discovered by Veech. We then give an expression, in terms of iterated integrals, for
the monodromy representation of this connection. As a corollary we obtain quantum
representations of infinitely many pseudo-Anosov elements in the genus two mapping
class group.
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1. Introduction
Let Sg be a closed connected and oriented surface of genus g ě 2, and consider its
mapping class group Γg of orientation-preserving diffeomorphisms up to isotopy. More
precisely,
Γg :“ Diffeo`pSgq{Diffeo`0 pSgq, (1)
where Diffeo`pSgq is the group of orientation-preserving diffeomorphisms of Sg, and
Diffeo`0 pSgq denotes the connected component of the identity. The mapping class group
is of fundamental importance in low-dimensional topology, and has been studied for
more than a century. Excellent surveys on recent progress and open problems related
to the group Γg can be found in [Ham11, Far06], and a comprehensive treatment is given
in [FM11]. Recently, and perhaps surprisingly, ideas from quantum field theory have
been applied very successfully to answer questions about the group Γg, which resisted
all traditional methods.
In the seminal paper [Wit89], Witten laid the foundation of a three-dimensional
topological quantum field theory, now called the Witten-Reshetikhin-Turaev TQFT.
Implicit in this TQFT is a finite-dimensional projective linear representation of Γg, for
any positive integer k, which is called the quantum representation at level k. These
representations provide a powerful tool for studying the mapping class groups. Indeed,
the collection of representations can distinguish any two mapping classes, except the
identity and the hyper-elliptic involution in genus 2. This is the content of Turaev’s
asymptotic faithfulness conjecture, which was proved by Andersen using the theory of
Toeplitz operators [And06, FWW02]. By applying similar technology, the quantum
representations were also used to prove that Γg does not have Kazhdan’s property (T)
[And]. Finally, the quantum representations have been used by Masbaum and Reid to
show that any finite group occurs as a quotient of a finite-index subgroup of Γg [MR12].
There are by now (at least) three different rigorous constructions of the quantum rep-
resentations of Γg. The first uses representation theory of the quantum group Uqpslp2qq,
with q a fixed root of unity [RT90, RT91, Tur94], the second gives a combinatorial con-
struction using skein theory [BHMV95], and the third provides a geometric description
involving the parallel transport of a projectively flat connection in a vector bundle over
the moduli space of smooth compact Riemann surfaces of genus g. The fact that these
three constructions are equivalent follows from [AU12] and [Las98].
While quantum representations have been utilized successfully to answer questions
about Γg, they are themselves far from being well understood. Amongst all mapping
classes, the quantum representations of pseudo-Anosov mapping classes are the most
mysterious. A number of problems in this direction are discussed in [AMU06] and
chapter seven of [Oht02].
Let Tg be the Teichmu¨ller space of marked Riemann surfaces of genus g. It is well-
known that Tg has the structure of a complex manifold which is homeomorphic to
an open ball in C3g´3. Moreover, it follows from Royden’s work that Tg is Kobayashi
hyperbolic. The group Γg has a natural and properly discontinuous action on Tg. In fact,
for g ě 3, Royden showed that Γg can be identified with the group of biholomorphic
automorphims of Tg, but in genus two, the hyperelliptic involution σ acts trivially, and
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the automorphisms of T2 amount to Γ2{xσy. The quotient Mg :“ Tg{Γg is a complex
orbifold called Riemann’s moduli space, and the orbifold singularities correspond to
equivalence classes of Riemann surfaces with non-trivial automorphism group. Since
Tg is simply connected, the mapping class group Γg can be identified with the orbifold
fundamental group piorb1 pMg, ˚q. Morevoer, Mg is also Kobayashi hyperbolic since the
Kobayashi metric is invariant under biholomorphic automorphisms.
Let X be a compact Riemann surface of genus g ě 2 and let MBX be the moduli
space of semi-stable vector bundles of rank 2 with trivial determinant on X. Drezet and
Narasimhan showed that PicpMBXq – Z. Let LX ÑMBX denote the ample generator
of the group PicpMBXq, and let H pkqX :“ H0pMBX ,LkXq for any positive integer k. The
dimension of this vector space is given by the Verlinde formula (16).
From [ADPW91], [Hit90], and [Fal93], it follows that the vector spaces H pkqX can be
glued together to form a vector bundle Hpkq Ñ Tg with a projectively flat connection in
the associated projective bundle. We denote this projectively flat vector bundle by
pPHpkq,∇pkqq Ñ Tg. (2)
The action of Γg on Tg lifts to an action on the projective bundle PHpkq Ñ Tg which
preserves the connection ∇pkq. Consequently, upon passing to the quotient by this
action we obtain the projectively flat vector bundle
pPHˇpkq, ∇ˇpkqq ÑMg. (3)
Once a base point in Mg is chosen, the monodromy of (3) gives rise to the quantum
representation
ρ
pkq
g : Γg – piorb1 pMg, ˚q Ñ AutpPHˇpkq˚ q. (4)
A Teichmu¨ller curve is a pair pV, φq where V is a finite area hyperbolic surface and
φ : V ÑMg
is a generically injective holomorphic map which is an isometry for the Kobayashi met-
rics on the domain and the codomain. Equivalently, a Teichmu¨ller curve is an algebraic
curve in Mg which is a complex geodesic for the Kobayashi (=Teichmu¨ller) metric. A
typical construction of Teichmu¨ller curves comes from Veech surfaces. A Veech surface
generates a complex geodesic HÑ Tg for the Kobayashi metric, such that the image of
H under the composition with the qoutient map H Ñ Tg ÑMg is an algebraic curve:
This curve is naturally a complex geodesic for the Kobayashi metric and is thus a Te-
ichmu¨ller curve. Suppose a Teichmu¨ller curve pV, φq is such that φpV q comes from a
Veech surface, then piorb1 pV, ˚q can be identified as the subgroup of piorb1 pMg, φp˚qq – Γg
which preserves (setwise) the image of the Kobayashi geodesic HÑ Tg under its action
on Tg. See section 3 for precise definitions and more details.
Using the holomorphic map φ : V Ñ Mg, one can pull back the projectively flat
vector bundle (3) which we denote by
pPHpkqV ,∇pkqV q Ñ V. (5)
Since this is a projectively flat vector bundle on a Riemann surface, computing its
monodromy is considerably easier than computing the monodromy of (3), and one can
hope to obtain explicit matrices for the monodromy representation of piorb1 pV, ˚q with
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respect to ∇pkqV . Assuming φpV q comes from a Veech surface, these explicit matrices
will then correspond to the quantum representation of a subgroup of Γg. Moreover,
since φpV q is a totally geodesic submanifold with respect to the Teichmu¨ller metric, it
follows from Bers’ characterization of pseudo-Anosov mapping classes that each geodesic
on V corresponds to a pseudo-Anosov mapping class. Taking appropriate products of
quantum representations of the generators of piorb1 pV, ˚q will then give explicit matrices
for the quantum representations of pseudo-Anosov elements. We refer to section 3 for
further details.
In the case where X has genus two, van Geemen and de Jong in [vGdJ98] gave a
rather explicit expression for the projectively flat connection (3). This construction
plays a central role in the present paper, and its details are recalled in section 2.2.
A special feature of the genus two case is the Narasimhan-Ramanan isomorphism,
see [NR69], which implies that SkpHp1qX q “ HpkqX where Sk denotes the kth symmetric
power of a vector space. Beauville showed an isomorphism, for all g ě 2, between PHp1qX
and PFg, where Fg is the vector space of complex valued functions on the group Zg2, see
[Bea88]. Moreover, this isomorphism only depends on the choice of a level two theta
structure on X.
These two isomorphisms together imply that a choice of a level two theta structure
on X, where X has genus two, gives a canonical isomorphism PHpkqX – PSkpF2q. There
is a finite degree covering rC8 ÑM2 Let us denote the group morphism given by the
monodromy of the projectively flat connection by
ρ
pkq
2 : pi
orb
1 pM2, ˚q Ñ AutpPSkpF2qq. (6)
The central object of this paper is a special Teichmu¨ller curve
φ : χÑM2 (7)
with orbifold fundamental group given by the Hecke traingle group of signature p2, 5,8q,
piorb1 pχq “ 4p2, 5,8q “ xS, T | S2 “ pST q5 “ 1 y. (8)
It is the first in family of Teichmu¨ller curves discovered by Veech in [Vee89]. The papers
[McM06b], [BM10], and [Loc05] give an algebraic description of φ, which we recall. Letrχ :“ CP1 ´ µ5, where µ5 is the set of fifth roots of unity. Let D Ă Autprχq be the
subgroup generated by the maps t ÞÑ 1t and t ÞÑ ζ2t, where t is the restriction of the
global rational coordinate on CP1 to rχ, and ζ :“ expp2pi5 ?´1q. For any t P rχ, let Ft be
the unique smooth Riemann surface of genus two associated with the polynomial
y2 “
5ź
i“1
px´ ζi ´ ζ´itq “ x5 ´ 5tx3 ` 5t2x´ t5 ´ 1.
It turns out that Ft is isomorphic to Fgt for all g P D, and that χ – rχ{D. Under this
identification, the map φ : χÑM2 is simply given by φprtsq “ rFts, for rts P rχ{D.
In section 3, we compute the pullback of the projectively flat connection (3) on M2
to χ and then to rχ. This pullback connection is defined in the trivial vector bundle
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PSkpF2q ˆ rχ and is explicitly given as
∇pkqrχ “ d` ωpkqrχ where ωpkqrχ “ k¯
ÿ
1ďiď5
Apkqi
t´ ζi dt P Ω
1prχ,EndSkpF2qq. (9)
Here k¯ :“ ´p16k ` 32q´1 and Apkqi P EndpSkpF2qq are explicit second-order differential
operators defined in Proposition 3.4. The connection ∇pkqrχ extends as a meromorphic
connection on CP1 with logarithmic singularities at each ζi P µ5 and corresponding
residue given by Apkqi .
Let  ą 0 be a small real number and consider the map Φpkq : r0, 1´s Ñ AutpSkpF2qq
which satisfies the differential equation
dΦpkq pxq
dx
“ k¯
ÿ
1ďiď5
Apkqi
x´ ζiΦ
pkq
 pxq Φpkq p0q “ Idpkq . (10)
The limit of this map as Ñ 0 will play a central role in proving Theorem 1.1. Differen-
tial equations such as (10) were first considered by Poincare´ who gave explicit solutions
of such equations [Poi84]. Lappo-Danilevsky, among many other results, computed the
monodromy of these solutions, see me´moire second in [LD53]. The solutions are given
in terms of hyperlogarithms which, for the specific case of (10), are defined upon the
choice of a tuple pζi1 , . . . , ζirq P pµ5qr by the iterated integral
L0pζi1 , . . . , ζir |1´ q :“
ż 1´
0
1
sr ´ ζir
ż sr
0
1
sr´1 ´ ζir´1 ¨ ¨ ¨
ż s2
0
1
s1 ´ ζi1 ds1 ¨ ¨ ¨ dsr´1dsr.
The solution to (10) is then given by
Φ
pkq
 pxq :“ Idpkq`
8ÿ
r“1
k¯r
ÿ
ζi1 ,...,ζir
L0pζi1 , . . . , ζir |xqApkqi1 . . . Apkqir for x P r0, 1´ s, ζij P µ5.
We can now state the main theorem.
Theorem 1.1. For any positive integer k, let ρpkq2 : pi
orb
1 pM2, rXsq Ñ AutpPSkpF2qq be
the quantum representation based at the orbifold point determined by the compact Rie-
mann surface X associated to the polynomial y2 “ x5´1. Then, under the isomorphism
piorb1 pχq – 4p2, 5,8q, we have that
ρ
pkq
2 pST q “M pkq0 and ρpkq2 pT q “ pΦpkqq´1 ¨M pkq1 ¨ exp
`
k¯piiA
pkq
1
˘ ¨ Φpkq,
where,
M0 “
»——–
0 0 ´1 1
0 0 0 ´1
1 0 ´1 0
1 1 ´1 0
fiffiffifl and M1 “
»——–
0 1 0 0
1 0 0 0
1 1 0 ´1
1 1 ´1 0
fiffiffifl (11)
and
Φ
pkq “ Id`
8ÿ
r“1
k¯r
ÿ
ζi1 ,...,ζir
ζir‰1
L0pζi1 , . . . , ζir |1q Apkqi1 ¨ ¨ ¨Apkqir P EndpSkpF2qq (12)
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where 1 ď ij ď 5, and the Hyperlogarithm L0pζi1 , . . . , ζir |1q is given by
L0pζi1 , . . . , ζir |1q :“
ż 1
0
1
sr ´ ζir
ż sr
0
1
sr´1 ´ ζir´1 ¨ ¨ ¨
ż s2
0
1
s1 ´ ζi1 ds1 ¨ ¨ ¨ dsr´1dsr.
M
pkq
i denotes the k-th symmetric power of Mi.
1.1. Acknowledgements. I wish to thank my advisor J. E. Andersen for introducing
me to the subject of Geometric Quantization and Topological Quantum Field Theories.
I wish to thank Sasha Beilinson for sharing his preprint [BK] and his fascinating insight
on Geometric Quantization of varieties over finite fields. I wish to thank Benson Farb
for his interest and fruitful discussions on volumes of pseudo-Anosov mapping tori. I
wish to thank Don Zagier for encouragement and interest during the early part of this
work.
2. Moduli spaces of vector bundles and Hitchin connection in genus two
Let X be a compact Riemann surface of genus g ě 2. Let E Ñ X be a holomorphic
vector bundle and let
µpEq :“ degreepEq
rankpEq .
The rational number µpEq is called the slope of the vector bundle E Ñ X.
Definition 2.1. A holomorphic vector bundle E Ñ X is called stable, respectively
semi-stable, if µpEq ą µpF q, respectively µpEq ě µpF q, for all proper holomorphic
sub-bundles F Ă E.
Consider the moduli space of semi-stable bundles,
MBX :“ tE Ñ X | ^2E – OX andE is semi-stableu{„s, (13)
where „s denotes the S-equivalence for semi-stable vector bundles. For an introduction
to S-equivalence, which is weaker than holomorphic equivalence, see section 2 of [NR69].
Seshadri proved that (13) is an irreducible normal projective variety of dimension 3g´3
[Ses67]. For g ě 3, the variety MBX has rational singularities, see [BM08] Remark 2.7,
and the singular locus, which has codimension greater than one, corresponds to (S-
equivalence classes of) semi-stable vector bundles which are not stable, see theorem 1
of [NR69].
The variety MBX is locally factorial1, and a normal projective variety is locally facto-
rial if and only if there is an isomorphism between its equivalence classes of line bundles
and its equivalence classes of (Weil) divisors2. In particular, associated with any closed
codimension one subvariety of MBX is a unique line bundle on MBX .
For any L P Picg´1pXq the set of points
ΞL :“ trEs PMBX |h0pX,E1 b Lq ‰ 0 for someE1 P rEsu (14)
1i.e. all local rings are unique factorization domains, see page 141 of [Har77] for more details.
2It is important to distinguish between Weil and Cartier divisors since we are in the setting of a
singular variety. We use the definition on page 130 of [Har77], which makes sense in the setting of
normal varieties.
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is a divisor in MBX , see page 90 of [DN69]. Denote the line bundle associated with (14)
by OpΞLq3. The following is the´ore`me B from [DN69].
Theorem 2.2. The line bundle OpΞLq has the following properties.
a) The isomorphism class of OpΞLq is independent of the choice of L P Picg´1pXq.
b) The group PicpMBXq is isomorphic to Z, and is generated by OpΞLq.
From now on denote the ample generator of PicpMBXq by
LX ÑMBX . (15)
Since MBX is projective the vector space H0pMBX ,LkXq is finite-dimensional. In fact,
there is the following remarkable formula, first conjectured by string theorist E. Verlinde,
dimCH
0pMBX ,LkXq “
ˆ
k ` 2
2
˙g´1 k`1ÿ
j“1
`
sin2
jpi
k ` 2
˘1´g
. (16)
We refer to [Zag96] for an excellent introduction to number-theoretical aspects of this
formula, a brief historical overview, and ten different formulas for the right-hand side
of (16). A geometric proof of (16) is given in [Fal94] . Further references can be found
in [Zag96].
Let Xpg´1q be the pg ´ 1q-fold symmetric product of X. The set
ΘX :“ tL P Picg´1pXq|h0pX,Lq ‰ 0u (17)
is the image of the canonical map
C : Xpg´1q Ñ Picg´1pXq (18)
sending an element D P Xpg´1q (considered as an effective divisor of degree g´ 1 on X)
to its (equivalence class of) associated line bundle OpDq P Picg´1pXq. The map (18) is
proper and birational onto its image, see section 11.2 of [LB92], which implies that (17)
is a closed irreducible subvariety of dimension g ´ 1. In particular, (17) is a divisor,
called the canonical theta divisor associated with X. Let Op2ΘXq be the line bundle
associated with the divisor 2ΘX , and let
|2ΘX | :“ PH0pPic1pXq,Op2ΘXqq
be the projective space of divisors linearly equivalent to 2ΘX . For a positive integer n,
it is a classical result that dimension of H0pPicg´1pXq,OpnΘXqq is ng, thus |nΘX | –
CPng´1.
Let X be of genus g “ 2. In this case the theta divisor (17) is the image of X under
(18). M. S. Narasimhan and S. Ramanan, see theorem 2 of [NR69], proved a canonical
isomorphism
MBX – |2ΘX | p– CP3q. (19)
3The variety MBX is locally factorial, see the´ore`me A in [DN69], thus to every (Weil) divisor is
associated a line bundle, see section 6 of [DN69]
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The Narasimhan-Ramanan isomorphism in particular implies that the ample generator
of PicpMBXq can be identified with the ample generator of PicpCP3q. This identification
gives specialization of the Verlinde formula (16) to
dimCH
0pMX ,LkXq “
ˆ
k ` 3
3
˙
(20)
and implies that
H0pMX ,LkXq “ SkpH0pMX ,LXqq
where Sk denotes the kth symmetric power of a vector space.
2.1. The Heisenberg group. Let X be a compact Riemann surface of genus g ě 2.
In this section, we study the group of automorphisms of the line bundle LX Ñ MBX
which cover a natural action of the group of two-torsion points of Pic0pXq on MBX . It
turns out that the representation of this group of automorphisms on H0pMBX ,LXq is
equivalent to the Schro¨dinger representation of the Heisenberg group (of level 2).
Let
JXr2s :“ tL P Pic0pXq | L2 – OXu (21)
be the group of two-torsion points of Pic0pXq. Let E Ñ X be a semistable vector
bundle of rank two with trivial determinant. The tensor product E b L Ñ X, for any
L P JXr2s, is again a semistable vector bundle of rank two with trivial determinant,
and if E „s E1, then pE b Lq „s pE1 b Lq, see [AM99] section 1 for more details. This
operation of tensoring with two-torsion points of Pic0pXq therefore gives a well-defined
action on the moduli space of bundles,
JXr2s ˆMBX ÑMBX . (22)
Let GpXq be the group of automorphisms of the line bundle LX Ñ MBX which cover
the action (22). For all L P JXr2s, we have that L˚pLXq – LX , see [AM99] page four
or remarque 2.6 in [Bea88], which implies that the group GpXq is a central extension
1 Ñ C˚ Ñ GpXq Ñ JXr2s Ñ 1, (23)
see section 2 of [AM99] for more details. Following [vGdJ98], we study the action
of GpXq on H0pMBX ,LXq by using Beauville’s isomorphism between H0pMBX ,LXq and
theta functions of order two associated withX. It should be mentioned that the methods
developed to study this action of GpXq in [AM99] are intrinsic and exploit the geometry
of the moduli space MBX .
Let A be a complex abelian variety and LÑ A an arbitrary line bundle. Associated
to pA,Lq is the group of automorphisms of L which cover translations in A. This group
is called the theta group of pA,Lq, see section 6.1 of [LB92] for more details. Let Gp2Θ0Xq
be the theta group of pJpXq,Op2Θ0Xqq where JpXq :“ Pic0pXq is the Jacobian of X
and Θ0X :“ tL b κ´1|L P ΘXu Ă JpXq is a translate of the canonical theta divisor
(17) by a theta characteristic κ P Picg´1pXq, i.e. κ2 – KX where KX is the canonical
bundle of X. It is well known that the linear equivalence class of the divisor Θ0X is
independent of the choice of the theta characteristic4, see theorem 11.2.4 in [LB92],
4This point needs to be discussed, it might be that the translates by any β P Picg´1pXq are linearly
equivalenent
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thus the isomorphism class of Op2Θ0Xq is also independent of the choice of the theta
characteristic. The theta group Gp2Θ0Xq is a central extension, see [vP93] or proposition
6.1.1 of [LB92]
1 Ñ C˚ Ñ Gp2Θ0Xq Ñ JXr2s Ñ 1, (24)
and its action on H0pJpXq,Op2Θ0Xqq is the unique (up to isomorphism) irreducible one
in which the subgroup C˚ acts by multiplication, see section 6.4 of [LB92]. In [Bea88],
see also [Bea91], a canonical isomorphism is proved
H0pMBX ,LXq – H0pJpXq,Op2Θ0Xqq, (25)
it turns out that GpXq – Gp2Θ0Xq and isomorphism (25) intertwines the two represen-
tations, see remarque 2.6 in [Bea88], page 6 of [AM99] or [vP93].
The representation of Gp2Θ0Xq on H0pJpXq,Op2Θ0Xqq has another description which
we recall. Let
Hg :“ C˚ ˆ Zg2 ˆ Zg2 (26)
and denote by
E: pZg2 ˆ Zg2q2 Ñ C˚, (27)
the standard alternating form, see e.g. page 160 of [LB92]. The set Hg admits a group
structure with multiplication given by
pα, x1, x2q ¨ pβ, y1, y2q “ pαβ Epx1, y2q, x1 ` y1, x2 ` y2q. (28)
This is a non-abelian group with centre tpa, 0, 0q P Hgu. This group is called the
Heisenberg group (of level 2). It is isomorphic to Gp2Θ0Xq , and an isomorphism which
is the identity on the subgroups C˚, i.e.
α : Gp2Θ0Xq –Ñ Hg, α|C˚ “ Id |C˚ , (29)
is called a theta structure. There are only finitely many choices of theta structures, see
theorem 6.6.7 of [LB92] or [vP93].
Let
Fg :“ tf : Zg2 Ñ Cu (30)
be the 2g dimensional complex vector space of complex valued functions on the group
Zg2. The group Hg has a unique irreducible representation on Fg, called the Schro¨dinger
representation, in which the centre tpa, 0, 0qu of Hg acts by multiplication, see [LB92]
page 164 or [vP93] for an explicit construction of this representation. We denote this
representation by
S : Hg Ñ GLpFgq. (31)
The main result concerning this representation is that given a choice of a theta structure
α : Gp2Θ0Xq Ñ Hg, there exists a unique (up to scaler multiplication) isomorphism
H0pJpXq,Op2Θ0Xqq – Fg, (32)
which intertwines the two representations, see section 6.7 of [LB92] or [vP93]. The
isomorphisms (25) and (32) together give the isomorphism
PH0pMBX ,LXq – PFg (33)
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which only depends on the choice of a theta structure. Since Fg has a canonical basis
given by the delta functions, a choice of a theta structure thus gives a canonical basis
(up to scaling) of H0pMBX ,LXq.
Consider the following subgroup of automorphims of Hg,
ApHgq :“ tβ P AutpHgq | βpa, 0, 0q “ au. (34)
The Schro¨dinger representation (31) is the unique irreducible representation in which the
centre tpa, 0, 0qu of Hg acts by multiplication. Given any h P ApHgq, the representation
S ˝ h enjoys the same property. Schur’s lemma, see [vGdJ98] section 4.2.4 for more
details, then provides a projective representation
Tg : ApHgq Ñ PGLpFgq. (35)
We gather some results on the structure of the group ApHgq which will be used later.
The following is well known, see [LB92] lemma 6.6.6 or [vGdJ98] page 217,
0 Ñ Z2g2 Ñ ApHgq Ñ Spp2g,Z2q Ñ 0. (36)
Another explicit description of ApHgq is given in [Igu66], see also [Sas99]. Recall Igusa’s
subgroup (of level (2, 4)) of Spp2g,Zq
Γgp2, 4q “
"ˆ
I`2A 2B
2C I`2D
˙
P Spp2g,Zq | diagpBq ” diagpCq ” 0 pmod 2q
*
. (37)
The group (37) is a normal subgroup of Spp2g,Zq, and the quotient is isomorphic to
Spp2g,Zq{Γgp2, 4q – ApHgq, (38)
For an explicit construction of this isomorphism, see [Sas99] page 336.
Assume that X has genus g “ 2. In this case, recall from the previous section that
the Narasimhan-Ramanan isomorphism implies that
SkpH0pMBX ,LXqq “ H0pMBX ,LkXq. (39)
It follows from (33) and (39) that a choice of a theta structure gives a canonical iso-
morphism
PH0pMBX ,LkXq – PSkpFgq. (40)
Another special feature of genus two is the isomorphism
Spp4,Z2q – S6 (41)
where S6 is the symmetric group, see [CF96]. This isomorphism and (36) imply that
ApH2q can be described as an extension of S6 by Z42.
2.2. The Hitchin connection. In this section we study the construction of the moduli
space MBX over a family of genus two compact Riemann surfaces. Let
C8 :“ tpz1, ..., z6q P pCP1q6 | zi ‰ zj for any i ‰ ju. (42)
Let C be the open subset tpz1, ..., z6q P C8 | zi ‰ 8 for any 1 ď i ď 6u of C8. Any z
“ pz1, . . . , z6q P C8 defines the following affine curve
HITCHIN CONNECTION ON THE VEECH CURVE 11
XAz :“
"
px, yq P C2 | y2 “
" ś6
i px´ ziq if z P Cś5
i px´ ziq if z R C with zi “ 8 excluded
*
. (43)
Associated to this curve is a unique genus two compact Riemann surface, see section
VII of [FK92] for more details, which we denote by Xz. For any Riemann surface Xz,
we have the associated moduli space MBXz of semistable vector bundles of rank two with
trivial determinant on Xz, defined in (13). From [vGdJ98] section 2.5, it follows that
there exists a proper holomorphic submersion,
p : MÑ C8, (44)
with fiber p´1pzq “ MBXz . Moreover, there exists a line bundle L Ñ M such that
L|p´1pzq “ LXz ; the ample generator of PicpMBXzq. For every positive integer k, denote
the vector bundle p˚pLkXzq Ñ C8 by
V pkq Ñ C8. (45)
By definition, the fiber of this bundle is given by V pkqz “ H0pMBXz ,LkXzq, and by
Narasimhan-Ramanan isomorphism, (39), ensure that V pkqz “ SkpVp1qz q.
2.2.1. Riemann surfaces with theta structure. Recall from section 2.2 that any compact
Riemann surface X is has an associated theta group Gp2Θ0Xq, and that a theta structure
is a choice of an isomorphism between Gp2Θ0Xq and the (level 2) Heisenberg group. A
Riemann surface with a (level 2) theta structure is a pair pX,αq, where X is a compact
Riemann surface and α is a theta structure as defined in (29). The moduli spaces of
such pairs are known to exist and turn out to be finite-degree coverings of the moduli
spaces of compact Riemann surfaces, see [Igu66].
In [vGdJ98], an unramified sixteen-fold covering P : rC8 Ñ C8 is shown to exist such
that each fiber P´1pzq is in bijection with the set of all (level 2) theta structures on
the Riemann surface Xz. In particular, every rz P rC8 corresponds to a pair pXP przq, αq,
i.e. the Riemann surface XP przq with a choice of a theta structure α. On this covering
the pull back of the projectivization of (45) trivializes, see lemma 2.4. We recall this
covering.
The symmetric group S6 acts on C8 by permuting coordinates. The quotient C8 :“
C8{S6 is the space of unordered configurations of six points on CP1. It is well known that
pi1pC8q is SB6, where SB6 denotes the spherical braid group of degree six, see section
1.5 of [Bir75] for an introduction to spherical braid groups. We have the following
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diagram of group morphisms,
Spp4,Zq{Γ2p2, 4q – ApHp2qq
SB6 Spp4,Zq
Spp4,Z2q – S6
τ
a
b
c
(46)
where the construction of τ , which is surjective, is given on page 79 of [CB88] 5, and a,
b, and c are naturally induced. The two isomorphisms follow from (38) and (41). Since
all the morphisms are surjective and b “ c ˝ a, see page 13 of [Sas99], it follows that
Kerpb ˝ τq Ą Kerpa ˝ τq and Kerpb ˝ τq{Kerpa ˝ τq – Kerpcq. This gives the short exact
sequence
1 Ñ Kerpa ˝ τq Ñ Kerpb ˝ τq Ñ Kerpcq Ñ 1. (47)
By definition of C8, we have that Kerpb˝ τq – pi1pC8q. This isomorphism together with
(47) implies that there exists a covering P : rC8 Ñ C8 with pi1prC8q – Kerpa ˝ τq and
deck group Kerpcq. From (36) we know that Kerpcq – Z42, which implies that rC8 is a
sixteen-fold cover.
Definition 2.3. Let V Ñ M be a holomorphic vector bundle over a complex manifold
M . Denote by PpV q Ñ M the bundle of projective spaces with fibers PpV qx :“ PpVxq.
We call PpV q ÑM the projective bundle associated with V ÑM .
The following is part of theorem 4.4.2 in [vGdJ98].
Lemma 2.4. The pull back of the projective bundle associated with (45) to the covering
P : rC8 Ñ C8 trivializes, in particular,
P ˚pPpV pkqqq – PpSkpF2qq ˆ rC8, (48)
where the vector space F2 is defined in (30).
Proof. Each z˜ P rC8 corresponds to a pair pXP pz˜q, αq where α is a (level 2) theta structure
on the Riemann surface XP pz˜q, see section 4.5 of [vGdJ98] for details. A theta structure
on XP pz˜q gives a canonical isomorphism PpV pkqXP pz˜qq – PpSkpF2qq, see (40). This implies
that each fiber of P ˚pPpV pkqqq is canonically isomorphic to PpSkpF2qq and the proof
follows. 
2.2.2. Projectively flat connections. We recall the (Cˇech) description of a projectively
flat connection, see section 2.3.3 and 2.3.6 of [vGdJ98], page 369 of [Hit90], and section
3.3 of [Fel96].
5There is a typo in this reference, the inverse sign on two of the generators (T2 and T4) is missing.
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Definition 2.5. Let PpV q ÑM be the projective bundle associated with a holomorphic
vector bundle V ÑM over a complex manifold M . A projective connection in PpV q Ñ
M is the data tUi,∇iu, where tUiu is an open covering of M and ∇i is a connection
in the restriction V |Ui such that on any intersection Ui X Uj the difference ∇i ´∇j is
scalar multiple of the identity, i.e.
∇i ´∇j “ α ¨ Id
where α is a holomorphic 1-form on Ui X Uj and Id is the multiplicative identity of
the ring ΓpUi X Uj ,EndpV q|UiXUj q. Moreover, a projective connection tUi,∇iu is a
projectively flat connection if each ∇i is flat6.
Two projective connections tUi,∇iu and tU 1i ,∇1iu are called equivalent if on any
intersection Ui XU 1j the difference ∇i ´∇1j is a scaler multiple of the identity. If G is a
group acting by automorphisms on M , then a projective connection tUi,∇iu is invariant
under the action of G if tUi,∇iu and tg˚pUiq, g˚p∇iqu are equivalent for all g P G.
A flat connection in a holomorphic vector bundle V Ñ M induces a unique projec-
tively flat connection in PpV q ÑM . Two flat connections induce equivalent projectively
flat connections if their difference is a scaler multiple of the identity. Upon the choice of
a base point x P M , the monodromy of a projectively flat connection provides a group
homomorphism
M : pi1pM,xq Ñ AutpPVxq, (49)
see the before mentioned references for details.
Recall the open subset C :“ tpz1, . . . , z6q P C8 | zi ‰ 8u. We outline the construction
of the flat connection, see (56), in the bundle
SkpF2q ˆ C (50)
carried out in [vGdJ98]. This connection is then used to prove proposition 2.7 and
corollary 2.8.
Denote the delta function basis of F2 by xx1, x2, x3, x4y. Let Bi be the differential
operator defined by
Bipxjq “ δij :“
"
1 if i “ j
0 if i ‰ j (51)
6Usually, a weaker condition that each ∇i is projectively flat is imposed.
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For all 1 ď i ă j ď 6 consider the differential operators
Ω1,2 :“ ´px1B1 ` x2B2 ´ x3B3 ´ x4B4q2 Ω1,3 :“ ´px1B4 ´ x2B3 ´ x3B2 ` x4B1q2
Ω1,4 :“ `px1B4 ` x2B3 ´ x3B2 ´ x4B1q2 Ω1,5 :“ `px1B3 ´ x2B4 ´ x3B1 ` x4B2q2
Ω1,6 :“ ´px1B3 ` x2B4 ` x3B1 ` x4B2q2 Ω2,3 :“ `px1B4 ´ x2B3 ` x3B2 ´ x4B1q2
Ω2,4 :“ ´px1B4 ` x2B3 ` x3B2 ` x4B1q2 Ω2,5 :“ ´px1B3 ´ x2B4 ` x3B1 ´ x4B2q2
Ω2,6 :“ `px1B3 ` x2B4 ´ x3B1 ´ x4B2q2 Ω3,4 :“ ´px1B1 ´ x2B2 ` x3B3 ´ x4B4q2
Ω3,5 :“ ´px1B2 ` x2B1 ` x3B4 ` x4B3q2 Ω3,6 :“ `px1B2 ´ x2B1 ´ x3B4 ` x4B3q2
Ω4,5 :“ `px1B2 ´ x2B1 ` x3B4 ´ x4B3q2 Ω4,6 :“ ´px1B2 ` x2B1 ´ x3B4 ´ x4B3q2
Ω5,6 :“ ´px1B1 ´ x2B2 ´ x3B3 ` x4B4q2,
where the composition law is
pxiBjq ˝ pxkBlq “ xixkBjBl ` δjkxiBl. (52)
Let pΩi,j denote the degree two part of Ωi,j . The operator (51) has an induced action on
any monomial xa1x
b
2x
c
3x
d
4, see section 4.5 of [vGdJ98]. For a positive integer k, choose
the basis of SkpF2q given by monomials xa1xb2xc3xd4 such that a ` b ` c ` d “ k. For all
1 ď i ă j ď 6, the induced action of the operator pΩi,j on SkpF2q preserves SkpF2q, see
section 3.2.5 of [vGdJ98], and we denote this induced action by pΩi,jk P EndpSkpF2qq.
These endomorphisms satisfy the infinitesimal braid relations, i.e.
rpΩs,tk , pΩu,vk s “ 0, rpΩs,uk , pΩs,tk ` pΩt,uk s “ 0 (53)
where s, t, u, v are all distinct, see proposition 3.2.4 of [vGdJ98].
For a positive integer k, let
k¯ :“ ´1
16pk ` 2q , (54)
and consider the following EndpSkpF2qq valued holomorphic 1-form on C
ω
pkq :“ k¯
ÿ
1ďiăjď6
pΩi,jk dzi ´ dzjzi ´ zj . (55)
Since (50) is a trivial vector bundle, the expression
∇pkq0 :“ d` ωpkq, (56)
where d denotes the trivial connection, defines a connection in (50). Moreover, using the
relations (53) and Arnold’s trick, see proposition XIX.2.1 of [Kas95], it can be shown
that the curvature 2-form of the connection (56) vanishes, i.e.
´ dωpkq ` ωpkq ^ ωpkq “ 0. (57)
We note the following relations, called the Ward identities in two-dimensional conformal
field theory, see [Koh02], which will be used later.
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Proposition 2.6. For a positive integer k, we have that
1q
ÿ
iăj
pΩi,jk “ 3k¯k2 Idpkq
2q
ÿ
i‰j
pΩi,jk “ k¯k2 Idpkq for any fixed j
3q
ÿ
iăj
pΩi,jk pzi ` zjq “ 6k¯k2 Idpkq ÿ
iăj
zi ` zj
where Idpkq is the multiplicative identity of the ring EndpSkpF2qq.
Proof. Direct computations, notice that p2q implies p3q. 
The automorphism group of CP1 acts on C8 by automorphisms. It is well-known
that the group of automorphisms of CP1 is isomorphic to PSLp2,Cq and generated by
the following three transformations, see page 10 of [Mas88],
T pzq “ z ` a, Dpzq “ bz, and Ipzq “ 1
z
(58)
where z P CP1, a P C, and b P C˚. These three transformations are called translations,
dilations, and inversion respectively.
Proposition 2.7. The connection (56) in the bundle (50) determines a unique (up to
equivalence) projectively flat connection ∇pkq :“ tUi,∇pkqi u in the projective bundle
PpSkpF2qq ˆ C8. (59)
Moreover, this projectively flat connection ∇pkq is invariant under the PSLp2,Cq action
on C8.
Proof. We must produce the data tUi,∇pkqi u satisfying the conditions of definition 2.5.
It is easy to construct an open covering tUiu of C8 such that each Ui “ τi˚ pCq (WE
NEED TO GIVE τ 1is) for some τi P PSLp2,Cq. Let τ0 be the identity. Then ∇pkq0 ,
defined in (56), is a flat connection in SkpF2q ˆ U0. For each Ui, we define
∇pkqi :“ τi˚ p∇pkq0 q “ d` τi˚ pωpkqq (60)
which gives a connection in the restriction SkpF2q ˆ Ui. Moreover, since τi is a biholo-
morphism, the curvature of ∇pkqi is the pull back of the curvature of ∇pkq0 , since the
curvature of ∇pkq0 vanishes, it follows that ∇pkqi is flat. To show that ∇pkqi ´ ∇pkqj is a
scaler multiple of the identity on the intersections Ui X Uj , we compute that on the
intersection C X τ˚pCq,
∇pkq0 ´ τ˚p∇pkq0 q “ 0
when τ is a translation or a dilation, and
∇pkq0 ´ τ˚p∇pkq0 q “ k¯
ÿ
1ďiăjď6
pΩi,jk `dzizi ` dzjzj ˘
“ 6k¯k Idpkq
ÿ
1ďiăjď6
`dzi
zi
` dzj
zj
˘
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when τ is the inversion. The second equality follows from identity (3) of proposition 2.6,
notice also that the 1-form 6k¯k
ř
1ďiăjď6
`
dzi
zi
` dzjzj
˘
is holomorphic on the intersection.
These three cases suffice since PSLp2,Cq is generated by translations, dilations, and the
inversion.
Moreover, these calculations also show that two different choices of the set of auto-
morphisms tτiu give equivalent projectively flat connections, thus the connection (56)
uniquely determines (up to equivalence) the projectively flat connection. Lastly, by its
construction, it is clear that tUi,∇pkqi u is invariant under the PSLp2,Cq action. 
Recall the covering P : rC8 Ñ C8.
Corollary 2.8. The pull back
P ˚p∇pkqq “ tP ˚pUiq, P ˚p∇pkqi qu
defines a unique projectively flat connection in P ˚pPpV pkqq.
Proof. Follows from lemma 2.4. 
3. Teichmu¨ller curves and pseudo-Anosov mapping classes
In this section we recall some basic results in Teichmu¨ller theory and Teichmu¨ller
curves. We end this section with a discussion of our main object of interest: the Veech
curve. Let Sg be a closed, connected and oriented surface of genus g ě 2. A marked
Riemann surface is a pair pX, fq where X is a smooth compact connected Riemann
surface and f : Sg Ñ X is an orientation preserving diffeomorphism. Let
Tg :“ pX, fq{ „, (61)
where pX, fq „ pX 1, f 1q if there exists a biholomorphism g : X Ñ X 1 such that g ˝ f is
isotopic to f 1. The group Γg acts on Tg as follows. For any rΨs P Γg let
rΨs ¨ rpX, fqs :“ rpX, f ˝Ψ´1qs. (62)
The class rpX, f ˝Ψ´1qs is independent of the choice of the representative in rΨs as any
two isotopic markings are equivalent, this implies that (62) gives a well defined group
action of Γg on Tg.
Tg has the structure of a complex manifold which is homeomorphic to an open ball
in C3g´3. Traditional approach to constructing the complex structure is by Bers em-
bedding of Tg into the complex vector space of holomorphic quadratic differentials on a
(reference) compact Riemann surface of genus g, see chapter 6 of [IT92] for details. A
differential geometric approach to the complex structure is given by the Weil-Petersson
metric, see section 3 and theorem 3.3 in [Ham13]. In the algebro-geometric approach
one shows that for all rpX, fqs P Tg there exists a neighbourhood which can be identified
with the base space of a Kuranishi family of (equivalence classes of) marked compact
Riemann surfaces of genus g with central fiber isomorphic to rpX, fqs. By the universal
property of these Kuranishi families, and the fact that a marked Riemann surface has
trivial automorphisms, these local neighborhoods can be glued together into a single
HITCHIN CONNECTION ON THE VEECH CURVE 17
Kuranishi family, thus giving Tg the structure of a complex manifold, see [ACG11] chap-
ter XV for details. In all the three topologies induced by these three complex structures,
it can be shown that Tg is an open ball in C3g´3. From now on we consider Tg as a
complex manifold with complex structure induced from the Bers embedding.
H. L. Royden, see [Roy71], showed that the action (62) of Γg on Tg is by biholomorphic
automorphisms and the group of biholomorphic automorphims of Tg, for genus g ě 3,
can be identified with Γg. The group of biholomorphic automorphims of T2 is equivalent
to Γ2 modulo the hyperelliptic involution. Moreover, the action of Γg on Tg is properly
discontinuous but not free, see theorem 6.18 in [IT92], or proposition 1.13 in [Ham13]
for the proof. The quotient
Mg :“ Tg{Γg (63)
is the moduli space of compact Riemann surfaces of genus g. Since the action (62) is
not free, the space Mg is a complex orbifold of dimension 3g´ 3, the orbifold singular-
ities correspond to (equivalence classes of) Riemann surfaces which admit non-trivial
automorphisms. Since Tg is simply connected, we have the identification
Γg – piorb1 pMg, ˚q. (64)
Like any complex manifold, Tg can be equipped with the Kobayashi pseudo-metric, see
[Kob98] for a comprehensive introduction, see also page 167 of [IT92]. If the Kobayashi
pseudo-metric is complete (or non-degenerate), see page 168 of [Kob98], then the com-
plex manifold is called Kobayashi hyperbolic, or a hyperbolic complex space. More clas-
sically, a metric on Tg is introduced by using (the existence and uniqueness of) minimal
dilation quasi-conformal maps between compact Riemann surfaces equipped with holo-
morphic quadratic differentials of the same type7, this metric is called the Teichmu¨ller
metric, see section 5.1.3 of [IT92] for more details. H. L Royden showed that the
Kobayashi pseudo-metric is equivalent to the Teichmu¨ller metric, see [Roy71] or the-
orem 6.21 in [IT92], and since the Teichmu¨ller metric is complete, see theorem 5.4 in
[IT92], it follows that Tg is Kobayashi hyperbolic.
Since the Kobayashi metric is always invariant under the group of biholomorphic
automorphisms, see [Kob98] or [IT92], the complex orbifold Mg is also Kobayashi hy-
perbolic. Let V be a hyperbolic Riemann surface, i.e. V – H{G where G is a discrete
subgroup of PSLp2,Rq, and let
φ : V ÑMg (65)
be a generically injective holomorphic map. The pair pV, φq is called a Teichmu¨ller
curve if V has finite hyperbolic area and φ is an isometry with respect to the Kobayashi
metric on the domain8 and the codomain. In other words, a Teichmu¨ller curve is
an irreducible algebraic curve in Mg which is a totally geodesic sub manifold for the
Kobayashi (=Teichmu¨ller) metric.
The simplest example of a Teichmu¨ller curve is pM1, Idq, where M1 is the moduli
space of compact Riemann surfaces of genus one. For g ě 2, the existence of Te-
ichmu¨ller curves already follows from W. Thurston’s construction of pseudo-Anosov
7i.e, the number and the multiplicity of the zeroes of the quadratic differentials match
8 On H, and thus on V , the Kobayashi metric is equivalent to the Poincare´ metric normalized such
that its curvature is -4, see page 20 of [Kob98] and section 1 of [McM06b].
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mapping classes, see section 8 of [Thu88]. From [HS06] it follows that for any g ě 2
there exist countably many Teichmu¨ller curves in Mg. C. T. McMullen, see [McM03],
constructed an infinite and explicit family of (primitive)9 Teichmu¨ller curves in M2,
he also discovered that the image of any Teichmu¨ller curve in M2 always lies on a
Hilbert modular surface10. He then extended his construction to genus g “ 3 and 4 in
[McM06a]. A complete classification of (primitive) Teichmu¨ller curves in M2 follows
from the work of [McM03], [McM05], [McM06b] and [Mo¨l06], we refer to section 5.5 in
[Mo¨l13] for more details. W. Veech, in [Vee89], constructed two Teichmu¨ller curves for
each g ě 2, the image of both of these lie in the hyperelliptic locus of Mg. In [BM10],
using algebro-geometric methods a large number of Teichmu¨ller curves are produced,
the strong point of this approach being that the family of Riemann surfaces that these
Teichmu¨ller curves parametrize can be described explicitly as a (complex) one parame-
ter family of polynomials. For further details on this approach we refer to the excellent
article [Mo¨l13]. More recently, the authors in [MZ] have innovated a new description
of (certain) Teichmu¨ller curves in terms of theta functions, from their viewpoint these
Teichmu¨ller curves lead to a genuinely new type of modular forms.
Typical construction of Teichmu¨ller curves comes from Veech surfaces. If pX, fq is a
marked Riemann surface, then a holomorphic quadratic differential q P H0pX, pΩ1Xqb2q
generates an embedding rφpX,qq : HÑ Tg, (66)
which is an isometry for the Kobayashi metrics on the domain and the codomain.
The image rφpX,qqpHq is a complex geodesic for the Kobayashi metric on Tg. Such an
embedding is called the Teichmu¨ller disc generated by the pair pX, qq 11, see [Thu88]
and [Vee89] for the construction of such discs. Let StabprφpX,qqq be the subgroup of Γg
which preserves the image rφpX,qqpHq set wise. The embedding (66), upon passing to the
quotient by the action of Γg, induces the complex geodesic
f : HÑ Tg ÑMg (67)
which factors through H{StabprφpX,qqq. If StabprφpX,qqq is a lattice in AutprφpX,qqpHqqp“
PSLp2,Rqq, i.e. H{StabprφpX,qqq has finite hyperbolic area, then the induced map, which
we also denote by f ;
f : H{StabprφpX,qqq ÑMg (68)
is proper and generically injective. It follows that the pair pH{StabprφpX,qqq, fq is a
Teichmu¨ller curve. For further details on the structure of the group StabprφpX,qqq, several
examples of groups which arise as StabprφpX,qqq, and open problems related to the group
StabprφpX,qqq we refer to the excellent survey article [Mo¨l]. A pair pX, qq such that
StabprφpX,qqq is a lattice is called a Veech surface. Veech surfaces are intimately related
9i.e. These Teichmu¨ller curves don’t cover Teichmu¨ller curves in lower genera.
10Hilbert modular surfaces, see Hirzebruch’s seminal paper [Hir73] and the book [van88] for a general
introduction, live in A2, the moduli space of abelian surfaces. Here we mean the image of the Teichmu¨ller
curve under the Torelli map M2 Ñ A2 always lies in a Hilbert modular surface.
11Since the marking does not play any role in what follows, we drop it from the notation. A pair
pX, qq is also called a half translation surface.
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with polygonal billiard tables which have optimal dynamics, for dynamical aspects of
Veech surfaces we refer to [Vee89].
Assume that pH{StabprφpX,qqq, fq is a Teichmu¨ller curve. Our interest in StabprφpX,qqq
lies in the fact that this subgroup of Γg contains infinitely many pseudo-Anosov mapping
classes which can be described explicitly. Denote by V :“ H{StabprφpX,qqq, and let γ
be a closed geodesic (with respect to the hyperbolic metric) in V . Since piorb1 pV q –
StabprφpX,qqq it follows that the homotopy class rγs P piorb1 pV q corresponds to a unique
(up to conjugation) element in StabprφpX,qqq, denote this element by ϕγ . Let rγ be a
lift of γ such that rγ Ă rφpX,qqpHq, c.f. (66). From the theory of hyperbolic Riemann
surfaces, we know that the action of ϕγ on rφpX,qqpHq preserves the geodesic rγ.
L. Bers, see section 6.5 of [IT92], showed that an element of Γg is pseudo-Anosov if
and only if its action on Tg preserves a (real) geodesic with respect to the Teichmu¨ller, or
equivalently Kobayashi, metric. By construction, rγ is a (real) geodesic with respect to
the Kobayashi metric which is preserved by ϕγ . It follows that ϕγ is a pseudo-Anosov
element in Γg. In this way, to any closed geodesic in V we can associate a pseudo-
Anosov element in Γg. Moreover, if the generators of StabprφpX,qqq are known, then any
pseudo-Anosov associated to a closed geodesic in V can be written as a unique word
(up to conjugation) in these generators.
Let n “ 2g ` 1 and n1 “ 2g ` 2 with g ě 2. For all n, let Stabprφnq :“ StabprφpXn,qnqq
where Xn is the unique compact hyperelliptic Riemann surface defined by the polyno-
mial y2 “ xn ` 1 and qn “ cn dx2y2 , here cn is a positive constant such that ‖qn‖ “ 112.
Define Stabprφn1q by replacing n with n1 in the definition of Stabprφnq. In [Vee89] it is
shown that the group Stabprφnq is isomorphic to the Hecke triangle group of signature
p2, n,8q, and that the group Stabprφn1q is isomorphic to the Hecke triangle group of
signature pn12 ,8,8q.
Denote the Teichmu¨ller curve corresponding to the lattice Stabprφnq by pχn, φnq. An
algebraic description of the map
φn : χn ÑMg, (69)
given in [BM10], [McM06b], and [Loc05], is as follows. Let rχn :“ pCP1 ´ tµnuq, where
µn denotes the set of n’th roots of unity. Let t be the restriction of the global rational
coordinate on CP1 to rχn and let Dn Ă Autprχnq denote the dihedral group generated
by t ÞÑ ζ2nt and t ÞÑ 1{t where ζn :“ expp2pi
?´1
n q. For all t P χ˜n let Ft be the unique
compact hyperelliptic Riemann surface associated with the polynomial
y2 “
nź
i“0
px´ ζin ´ tζ´in q.
It turns out that χn – rχn{Dn and the isomorphism class of Yt depends only on rts P
χ˜{D. The map (69) is then simply given, after realizing χn as the quotient rχn{Dn, by
φnprtsq “ rFts PMg.
12see, for example, [Vee89] for the definition of this norm
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We restrict to the case g “ 2 and n “ 5 and drop n as a subscript from the notation.
A map rχÑ C8 is given by
φ˜ptq “ p1` t, ζ ` ζ´1t, ζ2 ` ζ´2t, ζ3 ` ζ´3t, ζ4 ` ζ´4t,8q. (70)
Definition 3.1. Let Sn be the symmetric group of degree n. Define ν, ν
1 P S5 Ÿ S6 by
νpz1, . . . , z6q “ pz5, z1, z2, z3, z4, z6q and ν 1pz1, . . . , z6q “ pz1, z5, z4, z3, z2, z6q.
It is clear from definition that ν5 “ ν 12 “ Id. We have the following relationship
between ν and R and between ν 1 and I see [Loc05].
Lemma 3.2. φ˜pRptqq “ ζνpφ˜ptqq and φ˜pIptqq “ 1t ν 1pφ˜ptqq. Notice that the second
equality is only defined for t not equal to 0 or 8.
Proof. We compute
ζ´1φ˜pRptqq “ ζ´1p1` ζ2t, ζ ` ζt, ζ2 ` t, ζ3 ` ζ´1t, ζ4 ` ζ´2t,8q
“ pζ´1 ` ζt, 1` t, ζ ` ζ´1t, ζ2 ` ζ´2t, ζ3 ` ζ´3t,8q.
Now, the last tuple is the same as
pζ4 ` ζ´4t, 1` t, ζ ` ζ´1t, ζ2 ` ζ´2t, ζ3 ` ζ´3t,8q “ νpφ˜ptqq. (71)
By a similar calculation, we obtain that
tφ˜pIptqq “ p1` t, ζ4 ` ζ´4t, ζ3 ` ζ´3t, ζ2 ` ζ´2t, ζ ` ζ´1t,8q “ ν 1pφ˜ptqq. (72)

Recall that M2 is the quotient of C8 by the product group PSLp2,Cq ˆ S6. Since
multiplication by ζ and 1t are both elements of the dilation subgroup of PSLp2,Cq
this lemma immediately shows that the map (70) descends to give a well defined map
φ : χÑM2 and that we get the following commutative diagram
χ˜ C8
χ M2
piχ˜
φ
φ˜
piM2
(73)
3.1. Hitchin connection and Hyperlogarithms on the Veech curve. Consider
the space
χ˜0 :“ C´ µ10
and the embedding
ψ˜ : χ˜0 Ñ C8 (74)
defined by
ψ˜ptq “
ˆ
1
ζ ` ζ´1t ,
1
ζ2 ` ζ´2t ,
1
ζ3 ` ζ´3t ,
1
ζ4 ` ζ´4t ,
1
1` t , 0
˙
, for all t P χ˜0. (75)
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Lemma 3.3. We have that piM2pψ˜pχ˜0qq Ă φpχq.
Proof. Notice that ψ˜ is given by applying the involution 1z P PSLp2,Cq and a permuta-
tion (which permutes the first and the second last coordinate) to φ˜. Since M2 is defined
as the quotient of C8 by the product group PSLp2,CqˆS6, it follows that piM2pφ˜pχ˜qq Ą
piM2pψ˜pχ˜0qq and by the commutativity of (73) we know that piM2pφ˜pχ˜qq “ φpχq. 
Proposition 3.4. We compute that the pull back ψ˜˚pωpkqq is projectively equivalent to
the EndpSkpF2qq valued 1-form
ω
pkq
χ˜ :“ k¯
ÿ
1ďiď5
Ai dt
t´ ζi (76)
where Ai “ pΩa,b ` pΩc,d for 1 ď a ă b, c ă d ď 5 such that ra ` bs “ rc ` ds “ ris and
rxs :“ x pmod 5q.
Remark 3.5. For any 1 ď i ď 5, there exists only one solution for Ai with the given
constraints. From the expression it is obvious that the 1-form (76) has no poles at ´µ5
and extends as a holomorphic 1-form to χ˜, which justifies the subscript in (76).
Proof. Let D06 Ă C8 be
D06 :“ tpz1, . . . , z6q P C|z6 “ 0u. (77)
Then ψ˜pχ˜0q Ă D06 and
ω
pkq
|D06 “ k¯
ˆ ÿ
1ďiăjď5
pΩi,j dzi ´ dzj
zi ´ zj `
5ÿ
i“1
pΩi,6dzi
zi
˙
“ k¯
ˆ ÿ
1ďiăjď5
pΩi,jd logpzi ´ zjq ` 5ÿ
i“1
pΩi,6d logpziq˙.
Thus
ψ˜˚pωpkqq “ k¯
ˆ ÿ
1ďiăjď5
pΩi,jd logˆ 1
ζi ` ζ´it ´
1
ζj ` ζ´jt
˙
´
5ÿ
i“1
pΩi,6d logpζi ` ζ´itq˙.
Now
d log
ˆ
1
ζi ` ζ´it ´
1
ζj ` ζ´jt
˙
“d logpζi ` ζ´it´ ζj ´ ζ´jtq
´ d logpζi ` ζ´itq ´ d logpζj ` ζ´jq
which implies that
ψ˜˚pωpkqq “ k¯
ˆ ÿ
1ďiăjď5
pΩi,jd logpζi ` ζ´it´ ζj ´ ζ´jtq
´
ÿ
1ďiăjď5
pΩi,jd logpζi ` ζ´itq ´ ÿ
1ďiăjď5
pΩi,jd logpζj ` ζ´jtqq ´ 5ÿ
i“1
pΩi,6d logpζi ` ζ´itq˙.
HITCHIN CONNECTION ON THE VEECH CURVE 22
The last three terms can be simplified byÿ
1ďiăjď5
pΩi,jd logpζi`ζ´itq` ÿ
1ďiăjď5
pΩi,jd logpζj`ζ´jtqq` 5ÿ
i“1
pΩi,6d logpζi`ζ´itq “ (78)
ÿ
1ďiăjď6
pΩi,jd logpζi ` ζ´itq ` ÿ
1ďiăjď6
pΩi,jd logpζj ´ ζ´jtqq “ ´k2 Id 6ÿ
i“5
d logpζi ` ζ´itq
(79)
where the last equality follows from (3) of propsition 2.6. This gives us that
ψ˜˚pωpkqq “ k¯
ˆ ÿ
1ďiăjď5
pΩi,jd logpζi ` ζ´it´ ζj ´ ζ´jtq ` k2 Id 6ÿ
i“5
d logpζi ` ζ´itq
˙
(80)
Now,
d logpζi ` ζ´it´ ζj ´ ζ´jtq “ pζ
´i ´ ζ´jqdt
pζi ´ ζjq ` pζ´i ´ ζ´jqt
“ dt
ζi´ζj
ζ´i´ζ´j ` t
.
This can be simplified by
´ ζ
i ´ ζj
ζ´i ´ ζ´j “
ζi ´ ζj
ζ´j ´ ζ´i .
ζi`j
ζi`j “ ζ
i`j , (81)
the result being
d logpζi ` ζ´it´ ζj ´ ζ´jtq “ dt
t´ ζi`j . (82)
Notice that
ζi`j “ ζk`l (83)
if i` j “ k ` lpmod5q. Similarly,
d logpζi ` ζ´itq “ ζ
´idt
ζi ` ζ´it
“ dt
t` ζ2i .
This implies that
ψ˜˚pωpkqq “ k¯
ˆ ÿ
1ďiď5
Ai dt
t´ ζi ` k
2 Id
ÿ
1ďiď5
dt
t` ζ2i
˙
(84)
which is projectively equivalent to (76). 
We define a connection in the trivial bundle H0pCP3,OCP3pkqq ˆ χ˜ as follows
∇pkqχ˜ :“ d` ωpkqχ˜ . (85)
The connection (85) can be considered as a meromorphic connection on C with loga-
rithmic singularities at µ5. The residue at each singularity ζ
i P µ5 is Ai. See [Del70] for
an excellent introduction to meromorphic connections with logarithmic singularities.
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We give an explicit expression of the parallel transport of (85) along paths in χ˜ in
terms of iterated integrals of 1-forms on χ˜. The 1-forms dt
t´ζi , where ζ
i P µ5, give a basis
for H1dRpχ˜,Cq. Let γ : ra, bs Ñ χ˜ be a smooth map and for each ζi let
fipsiqdsi :“ γ˚
` dt
t´ ζi
˘
. (86)
The ordinary line integral of this 1-form is given byż
γ
dt
t´ ζi “
ż b
a
fipsiqdsi (87)
which is independent of the parametrization of γ. Now choose some r-tuple pζi1 , . . . , ζirq P
pµ5qr and consider the iterated integral
Lapζi1 , . . . , ζir |bq :“
ż b
a
firpsirq
ˆż sir
a
fir´1psir´1q . . .
ˆż si2
a
fi1psi1qdsi1
˙
. . . dsir´1
˙
dsir
(88)
where
firpsirqdsir “ γ˚
` dt
t´ ζir
˘
.
This integral is independent of the choice of the parametrization of γ and depends on
the homotopy class of γ. Such integrals, under the name of Hyperlogarithms, were
introduced in [Poi84] and extensively studied in [LD53].
The iterated integrals L0pζi1 , . . . , ζir |1q appear in the study of the motivic funda-
mental group of C˚´µn (when specialized to n=5) carried out in [DG]. These iterated
integrals also appear in the construction of the cyclotomic Drinfel’d associator carried
out in [Enr].
Let us specialize to the path r0, 1 ´ s Ă χ˜, where  is an arbitrarily small positive
real number. In this case, for any pζi1 , . . . , ζirq P pµ5qr, (88) is
L0pζi1 , . . . , ζir |1´q “
ż 1´
0
1
sir ´ ζir
ˆż sir
0
1
sir´1 ´ ζir´1 . . .
ˆż si2
0
1
si1 ´ ζi1 dsi1
˙
. . . dsir´1
˙
dsir .
(89)
Define Φpkq : r0, 1´ s Ñ EndpH0pCP3,OCP3 pkqqq by
Φ
pkq
 pxq “ Id`
8ÿ
r“1
k¯r
ÿ
ζi1 ,...,ζir Ppµ5qr
L0pζi1 , . . . , ζir |xqAi1 . . . Air x P r0, 1´ s,
where we consider L0pζi1 , . . . , ζir |xq as a function in one variable: the upper limit of
integration. One easily proves that, see [Kas95] page 481 or [LD53] page 164, that
Φpkqpxq is convergent for all x P r0, 1´ s and
dΦpkq
dx
“ k¯
ÿ
1ďiď5
Φpkq Ai
x´ ζi . (90)
Since the connection (85) is given by the 1-form (76), (90) implies that Φpkq gives the
parallel transport of the connection (85) along the path r0, 1´ s.
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The integral (89) converges as  Ñ 0 if and only if ζir ‰ 1, thus the integral
L0pζi1 , . . . , ζir |1q is well defined if and only if ζir ‰ 1. Let
Φ
pkq :“ Id`
8ÿ
r“1
k¯r
ÿ
ζi1 ,...,ζir Ppµ5qr
ζir‰1
L0pζi1 , . . . , ζir |1qAi1 . . . Air P EndpH0pCP3,OCP3 pkqqq.
(91)
The endomorphism (91) will play a crucial role in the monodromy computation carried
out in the next section.
We now give a result on the asymptotic behavior of the parallel transport of (85) in
arbitrarily small neighborhoods of the singularities µ5. Let Di˚ :“ tbi P C|0 ă |bi| ă u,
and consider the embedding
Bi : Di˚ Ñ χ˜, bi ÞÑ ζi ` bi. (92)
An easy calculation shows
Bi˚ pωpkqχ˜ q “ k¯
ˆ
Ai
bi
`
ÿ
1ďjď5
i‰j
Aj
bi ´ pζj ´ ζiq
˙
dbi. (93)
Let Yipbiq be an EndpH0pCP3,OCP3pkqqq valued function over Di˚ . Then Yi is a solution
of (93) if
Y 1i “ k¯
ˆ
Ai
bi
`
ÿ
1ďjď5
i‰j
Aj
bi ´ pζj ´ ζiq
˙
Yi. (94)
Proposition 3.6. For all 1 ď i ď 5, there exists a unique Yi satisfying (94) such that
Yipbiq “ Qipbiq bk¯Aii (95)
where Qipbiq “ řrě0 qpiqr bri , with qpiqr P EndpH0pCP3,OCP3pkqqq, and Qip0q “ qpiq0 “ Id.
Remark 3.7. For the expression bk¯Aii to make sense on Di˚ , we must choose a branch
cut for the logarithm. We make the choice of the positive real axis in Di˚ as the branch
cut for the logarithm.
Proof. By the theory of ordinary differential equations, see [Was87], there exists a so-
lution Yi satisfying (94). We show that there exits a family q
piq
r satisfying the above
stated requirements such that Yi is of the form (95). We write out
Y 1i pbiq “
ˆ
Q1ipbiq ` k¯QipbiqAibi
˙
bk¯Aii “ k¯
ˆ
Ai
bi
`
ÿ
1ďjď5
i‰j
Aj
bi ´ pζj ´ ζiq
˙
Qipbiq bk¯Aii . (96)
This can be rewritten as
biQ
1
ipbiq ´ k¯rAi, Qipbiqs “ ´k¯
ÿ
1ďjď5
i‰j
Aj
biQipbiq
pζj ´ ζiq ´ bi . (97)
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Expanding the above in powers of bi, we get rAi, qpiq0 s “ 0, and for r ą 0
rq
piq
r ´ k¯rAi, qpiqr s “ ´k¯
rÿ
l“1
ˆ ÿ
1ďjď5
i‰j
Aj
pζj ´ ζiql
˙
q
piq
l´1 (98)
The above equations, for every r, have a solution. Indeed, if we take qpiq0 “ Id, then qpiqr
is uniquely determined by qpiq0 , . . . , q
piq
r´1 due to the fact that the operator r Id´k¯ adpAiq
is invertible with inverse equal to
1
r
ÿ
ně0
k¯n
rn
adpAiqn. (99)
The convergence of Qipbiq results from the general fact that a formal solution of a regular
singular equation is necessarily convergent, see [Kas95] and [Was87]. 
4. Generators of the (orbifold) fundamental group
The curve χ is defined as the quotient χ˜8{D, where D was generated by the auto-
morphisms R, I : χ˜8 Ñ χ˜8. The rotation R is of order five and has two fixed points
0 and 8, the involution I has the fixed point ´1, it follows that χ is topologically a
sphere with two orbifold points a :“ piχ˜p0q, b :“ piχ˜p´1q and one puncture. The stabi-
lizer group of the orbifold point a is xRy, and the stabilizer group of the orbifold point
b is I.
We choose explicit paths based at the order five orbifold point of χ such that they
generate the group piorb1 pχ, aq. Let γ˜0 Ă χ˜ be the path starting from 0 and running along
the real axis to 1 ´ , where  is an arbitrarily small positive real number. Let γ˜1 be
the semi-circle starting from 1´  moving around 1 in an anti clockwise direction until
it reaches p1 ´ q´1. We will also need γ˜´10 which is the path running from 1 ´  to 0
along the real axis.
The end points of the semi-circle γ˜1 are identified with each other under the involution
I, which implies that the projection
piχ˜pγ˜1q “: γ1 Ă χ
is a homotopically non-trivial closed loop. Consider the projection of the path γ˜0,
piχ˜pγ˜0q “: γ0 Ă χ
then the composition
γ´10 ¨ γ1 ¨ γ0 “: γ Ă χ (100)
is a closed, connected, homotopically non-trivial loop with the property that it starts
and ends at the order five orbifold point a P χ.
The following is part of proposition 4.11 from [Loc05].
Proposition 4.1. The loop γ and the orbifold stabilizer group xRy together generate
piorb1 pχ, aq, and under the isomorphism piorb1 pχ, aq – 4p2, 5,8q R is identified with U :“
S ˝ T and γ is identified with T .
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Let
H : piorb1 pχ, aq Ñ H1pφpaq,Zq – Spp4,Zq
be the monodromy representation provided by the Gauss-Manin connection in the bun-
dle of the first de Rahm cohomology groups of the genus two surfaces parametrized by
χ.
Lemma 4.2. The elements xRy and γ map to M0 and M1 respectively where
M0 :“
»——–
0 0 ´1 1
0 0 0 ´1
1 0 ´1 0
1 1 ´1 0
fiffiffifl M1 :“
»——–
0 1 0 0
1 0 0 0
1 1 0 ´1
1 1 ´1 0
fiffiffifl . (101)
under the homomorphism H.
Proof. Let X?5 be the Hilbert modular surface for totally real quadratic field Qp
?
5q
considered in [MZ]. The surface X?5 is the moduli space of abelian surfaces which admit
real multiplication by the field Qp?5q. In [MZ] the image of Gauss-Mannin connection
H 1 : piorb1 pX?5, ˚q Ñ H1pA˚,Zq – Spp4,Zq is described explicitly. In [McM06b] it is
shown that the Teichmu¨ller curve χ ãÑ X?5 embeds in the hilbert modular surface; In
particular an embedding piorb1 pχ, aq ãÑ piorb1 pX?5, ˚q is provided. We simply look at the
image of ă R ą and γ under the composition of this embedding with H 1. 
Let us choose φpaq PM2 as the base point for the orbifold fundamental group of M2.
Then φpγq P piorb1 pM2, φpaqq. In fact, see [Vee89] or [Loc05], the loop φpγq corresponds
to a Dehn twist along two non-separating simple closed loops on a genus two surface,
and R corresponds to an order five diffeomorphism. For each integer k ą 0 we have
the projective vector bundle with the flat connection. The monodromy of this flat
connection provides us with a group homomorphism
ρ
pkq : piorb1 pM2, φpaqq Ñ EndpPVpkqφpaqq (102)
where the fiber EndpPVpkqφpaqq can be identified with EndpPH0pCP3,OCP3pkqqq. In the
next section, we compute the image of φpγq and R under the morphism (102), and prove
theorem 1.1.
4.1. Computing Monodromy. In order to compute the image of φpγq and R under
(102) we need two connected paths, γ˜ and pR, based at some point z P C such that
piM2pzq “ φpaq and piM2pγ˜q “ φpγq, piM2ppRq “ φpaq.
We have the following well known isomorphism, see [Bir75] page 188,
piorb1 pM2, ˚q{pZ{2q – SB6 (103)
where Z{2 “ xσy and σ is the hyperelliptic involution.
Consider the following map
p1I : r1, p1´ q´1s Ñ PSLp2,Cq s ÞÑ
«
s
1
2 0
0 s´ 12
ff
. (104)
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Let pI Ă C be the path obtained by applying the family of Mo¨bius transformations p1I
to the point ψ˜p1´ q P C.
Proposition 4.3. The following
γ˜ :“ ν 1pψ˜ppγ˜0q´1qqq ¨ pI ¨ ψ˜pγ˜1q ¨ ψ˜pγ˜0q Ă C (105)
is a connected path with initial point ψ˜p0q, moreover piM2pγ˜q “ φpγq.
Proof. Let us first analyze the image ψ˜pγ˜0q. The initial point of the path ψ˜pγ˜0q is ψ˜p0q
which is shown in Figure 1. Here the six points form a symmetric configuration by
taking the positions at the fifth roots of unity and zero in the specified order.
t1
t2
t3
t4
t5
1
2
3
4
5
6
Figure 1. The configuration at ψ˜p0q. The crosses represent the posi-
tions of the points and ti are the generators of the braid group
In Figure 2 the dashed lines show the trajectory of the six points as one travels along
ψ˜pγ˜0q. At the end point of ψ˜pγ˜0q, the points z1 and z4 are a small distance (depends
on ) away from the positive real number 12Repζq and a quick calculation shows that at
the end points z1 and z4 are conjugate to each other, and both have their real parts
bigger than 12Repζq . Moreover, z1 lies in lower half plane of C and z4 lies in the upper
half plane. This local picture at 12Repζq is shown in Figure 3. A similar story holds for
the pair z2 and z3 around the negative real number
1
2Repζ2q . The point z5 moves to
1
2
and z6 remains fixed at zero. Notice also that the end point of ψ˜pγ˜0q is the initial point
of ψ˜pγ˜1q. We now look at the configuration at the end point of ψ˜pγ˜1q. Recall that γ˜1
was a semi-circle traversed anti-clockwise around one from p1´ q to p1´ q´1. At the
end point of ψ˜pγ˜1q, the points z1 and z4 are still conjugate to each other but both have
real parts smaller than 12Repζq and z1 lies in the upper half plane and z4 lies in the lower
half plane. In effect, both z1 and z4 move in an anti-clockwise semi-circle around
1
2Repζq .
This is also shown in figure 3. A similar story holds for the pair z2 and z3 around the
negative real number 1
2Repζ2q . The point z5 moves to
1
2 and z6 remains fixed at zero.
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Figure 2.
Notice also that the end point of ψ˜pγ˜1q is not the initial point of ψ˜pγ˜0q´1. However,
initial point of pI is the end point of ψ˜pγ˜1q and it follows from
ψ˜p1´ q “ ν 1p1´ q´1pψ˜p1´ q´1q
that the configuration at the end point of pI differs from the configuration at the initial
point of ψ˜pγ˜0q´1 only by the permutation ν 1.
The trajectory of z4 and z1 along the path pI is shown in red in figure 3. A similar
story holds for z2 and z3. The point z5 moves a little to the right and z6 is fixed at
zero.
Since the end point of pI differs from the initial point of pψ˜pγ˜0q´1q by the permutation
ν 1, it follows that ν 1pψ˜pγ˜0q´1qq ¨ pI is a connected path with initial point ψ˜pp1 ´ q´1q
and end point ν 1pψ˜p0q.
Since the initial point of ν 1pψ˜pγ˜0q´1qq ¨ pI is the end point of ψ˜pγ˜1q ¨ ψ˜pγ˜0q it follows
that γ˜ is a connected path in C with initial point ψ˜p0q and end point ν 1pψ˜p0qq.
Since pI is entirely contained in the PSLp2,Cq orbit, it follows that piM2ppIq is a
constant loop in M2. This fact combined with lemma 3.3 implies
piM2pγ˜q “ φpγq. (106)

Consider the following path in PSLp2,Cq
pR : r0, 1
5
s Ñ PSLp2,Cq, s ÞÑ
„
e´piis 0
0 epiis

s P r0, 1
5
s. (107)
Denote also by pR the path in C given by the action of pR on the point ψp0q.
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r′
ψ(γ˜1)
ψ(γ˜0)
q(D∗δ )
Figure 3.
Lemma 4.4. The path pR Ă C8 is connected with initial point rψp0q, moreover piM2ppRq “
φpaq.
Proof. At both the initial and the end point of this path the first five points sit at the
fifth roots of unity (sixth at zero) but with different ordering. The ordering differs by
ν´1. Since the end points of pR are related by an element in S6, P8ppRq Ă C is a closed
loop. Moreover, since pR is entirely contained in the PSLp2,Cq orbit, pP8 ¨ P8qppRq is
a constant path in M2, namely φpaq. 
1 5 4 3 2 6
1 2 3 4 5 6
Figure 4. The loop γ illustrated as the braid t4t2t3t4t2t5t5t1t1t3 from
top to bottom
We now prove theorem 1.1 from the introduction.
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Proof. (Theorem 1.1)
We compute the parallel transport of ∇pkqC along γ˜ and pR. Recall from (105)
γ˜ :“ ν 1pψppγ˜0q´1qqq ¨ pI ¨ ψpγ˜1q ¨ ψpγ˜0q Ă C (108)
and pR is given in lemma 4.4.
We first observe the following
Lemma 4.5. The parallel transport of ∇pkqC along the paths pI and pR is projectively
trivial.
Proof. Recall that∇pkqC :“ d`ωpkq and ωpkq is projectively invariant under the PSLp2,Cq
on C8. Lemma follows since both pR and pI are contained in the orbit of the dilation
subgroup of PSLp2,Cq. 
In order to compute the parallel transport along γ˜ we must compute the parallel
transport along all the paths separately appearing in the expression above. We compute
the parallel transport along rψpγ˜1q. The semi circle γ˜1 Ă χ˜ is contained in the image of
B1, defined in (92), which is a punctured disk of radius  based at 1 P χ˜.
Proposition 4.6. The parallel transport along p rψ ˝ B1q˚pψpγ˜1qq with respect to p rψ ˝
B1q˚∇pkq is
Q1p´iq ¨ exp
`´ piik¯A1˘ ¨Q1piq, (109)
where Q1pb1q is the power series from proposition 3.6.
Remark 4.7. We assume the  in the definition of B1 to be bigger than the  in the
definition of γ˜1. The  appearing in the proposition refers to the  for γ˜1.
Proof. From proposition 3.6 we know that the parallel transport of
p rψ ˝ B1q˚∇pkq is given by a solution of the form Y1pb1q shown in (95). The pull back
p rψ ˝ B1q˚pψpγ˜1qq is a semi circle in D1 traveling in an anti-clockwise direction from i
to ´i, avoiding the positive real axis in D1 (which was our choice for the branch cut
of the logarithm on D1). Thus the parallel transport is given by
Y1p´iqpY1piqq´1 “ Q1p´iqp´iqk¯A1pi´k¯A1qQ1piq´1
“ Q1p´iq expplogp´iqk¯A1q expp´logpiqk¯A1qQ1piq´1
“ Q1p´iq exppplogpiq ` piiqk¯A1q expp´logpiqk¯A1qQ1piq´1
“ Q1p´iq expppiik¯A1qQ1piq´1,
where the first equality is from (95) and third equality follows from our choice of the
branch cut for the logarithm. 
For the parallel transport of∇pkqC along ψpγ˜0q, where recall that γ˜0 Ă χ˜ is the interval
r0, 1´s, we take the pull back ψ˚p∇pkqq, which is given in (76), restrict it to the interval
r0, 1´s, and compute the monodromy there. This monodromy was computed in section
3.1 and is given by Φpkq p1´ q c.f. (89).
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Now, it follows that under the map (102) we have that
ρ
pkqpRq “M pkq0 (110)
since parallel transport along pR is projectively trivial. Here M
pkq
0 denotes the k-th
symmetric power of the endomorphism M0 from lemma 4.2. Likewise we have that
ρ
pkqpφpγqq “ M pkq1 ¨ ν 1pΦpkq p1´ qq´1 ¨Q1p´iq ¨ exp
`´ piik¯A1˘ ¨ pQ1piqq´1 ¨ Φpkq p1´ q
“ pΦpkq p1´ qq´1 ¨M pkq1
ˆ
Q1p´iq ¨ exp
`´ piik¯A1˘ ¨Q1piq´1˙ ¨ Φpkq p1´ q
where we used the fact that M pkq1 commutes with the parallel transport, see [vGdJ98].
This commutation also had the effect of removing ν 1 from ν 1pΦpkq p1 ´ qq´1q because
M1 maps to ν
1 under the map ApGq Ñ S6.
In [Enr], see also [Kas95] and [LD53], it is shown that
lim
Ñ0
´
pΦpkq p1´ qq´1 ¨M pkq1
ˆ
Q1p´iq ¨ exp
`´ piik¯A1˘ ¨Q1piq´1˙ ¨ Φpkq p1´ q¯
“ pΦpkqq´1 ¨
ˆ
pM pkq1 q´1 ¨ exp
`´ piik¯Ai˘˙ ¨ Φpkq
“ ρpkqpφpγqq
where Φpkq is defined in (91).
Replacing R with U and φpγq with T under the isomorphism piorb1 pχ, aq – 4p2, 5,8q
we get the statement of theorem 1.1. 
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